finite group G and any prefixed set S, we can, in particular, choose a set S containing all the primes dividing the order of G. The extension K/Q obtained will be tamely ramified. In this way it can be proved that Problem 1.1 has an affirmative answer for finite abelian groups, symmetric groups (and all groups such that the Noether Problem has an affirmative answer [31] ), finite solvable groups (see [22] , [18] ) and alternating groups A n [24] .
On the other hand, the Mathieu groups M 11 and M 12 , the group of automorphisms of M 22 (cf. [25] ), and the finite central extensions of symmetric groups, alternating groups and the Mathieu groups M 11 and M 12 (cf. [23] ) can be realized as the Galois group of a finite tamely ramified extension of Q.
A different approach to the Inverse Galois Problem is the study of Galois representations of the absolute Galois group G Q , obtained through an action upon certain geometric objects with arithmetic properties. Let ρ : G Q → GL(V )
be a continuous Galois representation, where V denotes a finite-dimensional vector space over a finite field F of positive characteristic , endowed with the discrete topology, and where the topology on G Q is the Krull topology. It holds that
where K/Q is a finite Galois extension. Thus we obtain a realization of Im(ρ) as a Galois group over Q. This strategy has already been used to address the Inverse Galois Problem for families of linear groups (cf. [35] , [10] , [11] , [36] , [12] , [17] ). In order to make use of techniques of this kind, it is essential to have explicit criteria to determine precisely the image of such a representation. This strategy can be adapted to address Problem 1.1. Although the realizations obtained are mostly wildly ramified, this ramification usually occurs only at the prime , or perhaps also at a finite set of primes which is related to the properties of the arithmetic-geometric object. The key point is to choose this object carefully in order to obtain stronger control over the ramification that may occur, and simultaneously ensuring that the image of the Galois representation is large. One needs explicit criteria that ensure that the ramification at every prime is at most tame. It will usually be far easier to tackle the primes p different from than to ensure tame ramification at the prime . The construction of Galois representations with prefixed local behaviour is a very active research field today.
To fix some notation, we will denote by I p the inertia group at the prime p, and by I p,w the wild inertia group at p (see section 3). Note that the Galois extension K/Q will be unramified (respectively tamely ramified) at p if ρ(I p ) = {Id} (respectively ρ(I p,w ) = {Id}).
First we will consider the Galois representations attached to the -torsion points of elliptic curves, and we will give a sketch of [1] , attaining tame Galois realizations of GL 2 (F ) for each prime number . The next section is devoted to present some progress in the tame Galois realization of linear groups in the families PGL 2 (F r ) and PSL 2 (F r ) by means of the Galois representations attached to modular forms. Finally, the last section gives an overview of the results in [3] and [4] (see also [2] ), where tame Galois realizations of the groups in the family GSp 4 (F ) are obtained for every prime ≥ 5 through the study of the Galois representations attached to the -torsion points of Jacobians of genus 2 curves. We also present some general criteria concerning the Galois representations attached to the -torsion points of an abelian variety in any dimension.
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Elliptic curves
Let E/Q be an elliptic curve defined over the rationals. Let us consider the group E[ ] of -torsion points of E. There is a natural action of the absolute Galois group G Q on E[ ], which gives rise to a continuous Galois representation
This representation provides a realization of the image of ϕ as a Galois group over Q, since
where Q(E[ ])/Q denotes the finite Galois extension obtained by adjoining to Q the coordinates of the -torsion points of E. Therefore, if ϕ is surjective, we obtain a realization of GL 2 (F ) as a Galois group over Q. It is a well-known result of J-P. Serre that if E does not have complex multiplication, then ϕ is surjective for all but finitely many primes (see [32] , Theorem 2 of § 4.2). This result suggests that one can use these representations to realize groups of the family GL 2 (F ) as Galois groups over Q. In fact, Serre establishes in Example 5.5.6 of [32] that the Galois representation attached to the elliptic curve E of conductor N = 37 provides a Galois realization of GL 2 (F ) for all primes (cf. [28] for an explicit determination of the images of Galois representations associated to elliptic curves). In order to obtain results of this kind, one needs an explicit control of the exceptional primes, i.e., the primes such that ϕ is not surjective. For instance, if the elliptic curve E/Q is semistable, then the Galois representation attached to the -torsion points of E is surjective if ≥ 11 (see Theorem 4 of [21] ). In order to produce tame Galois realizations, we need explicit conditions upon the elliptic curve E that ensure that the extension Q(E[ ])/Q is tamely ramified. If p = is a prime number and E has semistable reduction at p, then the image of the wild inertia group at p by ϕ is trivial. On the other hand, things become more complicated at the prime . In [32] , Serre proves that if the kind of reduction of E at is good and supersingular, then the image of the wild inertia group at by ϕ is trivial. Therefore we have the following result.
Theorem 2.1. Let ≥ 11 be a prime number, and consider a semistable elliptic curve E/Q such that has good supersingular reduction. Then the extension Q(E[ ])/Q is tamely ramified with Galois group GL 2 (F ).
Given a prime number ≥ 11, we want to construct an elliptic curve E satisfying the conditions in Theorem 2.1. The most interesting point in this construction is to produce a supersingular elliptic curve E/F . We give a construction in [1] , § 3, based on some results of [6] concerning the factorization of the Deuring polynomial. Another construction has appeared in [7] .
In fact, it turns out that one can replace the conditions of Theorem 2.1 with others which are more restrictive but also very simple. Namely, it suffices to consider the elliptic curve defined by the equation
where a 1 , a 2 , a 3 , a 4 , a 6 ∈ Z satisfy certain congruences modulo powers of different prime numbers. One can find a precise statement in Theorem 4.4 of [1] . The primes 2, 3, 5 and 7 can be handled similarly, applying specific criteria that ensure that the Galois representation ϕ is surjective (namely, see Proposition 2.1 in [28] , Theorem 2.3-(iii) in [28] , § 5.3 and Proposition 19 in [32] ). As a consequence we have the following result (see [1] , Theorem 4.6).
Theorem 2.2. For each prime number , there exist infinitely many elliptic curves E/Q such that the
Galois extension Q(E[ ])/Q is tamely ramified with Galois group GL 2 (F ).
Moreover, the construction is explicit: given , we can produce such elliptic curves.
Modular forms
Let f be a cuspidal form of weight 2 and level N , which is an eigenform for all Hecke operators. Assume that f is normalized, and call Q f the field of coefficients of f , that is to say, the number field generated over Q by adjoining all the coefficients of the Fourier expansion of f . A classical construction of Shimura attaches to f a continuous Galois representation
As we saw in the introduction, such a representation provides us with a realization of Im(ρ f, ) as Galois group over Q. In [29] , K. Ribet studies the image of this representation. Under certain hypothesis, he concludes that the image of ρ f, coincides with {x ∈ GL 2 (F λ ) : det(x) ∈ F * }, where F λ is a certain finite extension of F . In order to get rid of the condition on the determinant above, we will consider the projection of Im(ρ f, ) inside the projective space PGL 2 (F λ ). The precise statement is the following (cf. [26] ).
Theorem 3.1. Let f ∈ S 2 (N ) be a newform with no complex multiplication and no non-trivial inner twists. For a rational prime , let F λ be the corresponding residue field of the coefficient field Q f , and call r = [F λ : F ]. For all but finitely many primes , the projective image of ρ ,f coincides with PSL 2 (F r ) if r is even and PGL 2 (F r ) if r is odd.
Therefore, in this section we try to obtain tame Galois realizations of groups of the families PSL 2 (F r ) and PGL 2 (F r ).
Given a continuous, odd, irreducible Galois representation
there is a way to measure the ramification away from . In [33] , J-P. Serre attaches to each Galois representation as above a conductor N (ρ ), a weight k(ρ ) and a character ε(ρ ), and he conjectures that ρ is isomorphic to the Galois representation ρ g, attached to a modular form g of level N (ρ ), weight k(ρ ) and character ε(ρ ). The conductor N (ρ ) constitutes a precise measure of the ramification of ρ at the primes p = .
Let us briefly sketch its definition. Fix a prime number p. Then one can define an integer number n(p) in the following way (see [33] , § 1). Let us fix an extension w to Q of the p-adic valuation in Q. This is equivalent to fixing an embedding Q → Q p .
On the other hand, since ρ is continuous, there exists a finite Galois extension K/Q such that ker ρ Gal(Q/K). The embedding above restricts to an embedding K → K w , where K w denotes the completion of K with respect to the restriction to K of the valuation w. Let O w be the ring of integers of K w with respect to the valuation w, and normalize w so that w(O w ) = Z. For each i ∈ N, we can define the i-th higher ramification group as
In this way we obtain a decreasing sequence of subgroups of the inertia group at p:
Let V be a 2-dimensional vector space over F , and consider the action of G Q given by ρ upon V . For each i ∈ N, define
A way to measure the size of G i is to consider the dimension of V i as F -vector space. More precisely, one can consider the quantity
where (G 0 : G i ) denotes the index of G i in G 0 . It can be seen that n(p) is an integer number, which is greater than or equal to zero. Moreover, n(p) = 0 if and only if ρ is unramified at p. Since ρ can only ramify in the primes which are ramified in the extension K/Q, n(p) = 0 for all but finitely many primes p.
Definition 3.2. The Artin conductor is defined as
where n(p) is given by Equation (2).
If n(p) = 1, it must hold that dim(V /V 0 ) = 1 and all the remaining terms are zero. In particular, V 1 = V , that is to say, the wild inertia group at p acts trivially upon V . Therefore, a sufficient condition for ρ to be tamely ramified at a prime p = is that the exponent n(p)
Let us consider the Galois representation ρ f, attached to a newform f ∈ S 2 (N ). According to Serre's conjecture, ρ f, comes from a modular form g of level N (ρ f, ) (and weight k(ρ f, ), character ε(ρ f, )). But it may well be that N = N (ρ f, ). Luckily, there is a strong relationship between the two values: thanks to the work of Carayol and Livné (cf.
Now that we have dealt with all primes p = , we address the problem of obtaining some control over the ramification at the prime . In the case of elliptic curves, this was achieved by requiring the elliptic curve to have good supersingular reduction at . Is there a similar condition in this general context?
As a matter of fact, the answer is affirmative. There exist the concepts of ordinary and supersingular (see [30] , Chapter 2, § 2.1).
Definition 3.4. Let f ∈ S k (N, ε) be a newform, and call a p the eigenvalue corresponding to the Hecke operator T p . Let be a prime number. We will say that the newform f is supersingular at if there exists a homomorphism ϕ from the ring of integers of Q f to F such that ϕ(a ) = 0 Fontaine has studied the image by ρ f, of the inertia group at when f is supersingular. The following theorem, which is Theorem 2.6 of [13] , seems to have appeared in a letter from Fontaine to Serre.
Theorem 3.5 (Fontaine). Let f be a newform in S k (N, ε) with 2 ≤ k ≤ + 1. Assume that ρ f, is supersingular at . Then ρ f, is irreducible and
where ψ and ψ are the two fundamental characters of level 2.
As a corollary, we obtain: Corollary 3.6. Let f ∈ S 2 (N ) be a newform, and let ρ f, be the Galois representation attached to f .
If ρ f, is supersingular, then it is tamely ramified at .
Let us now consider the image of ρ f, . We know that for all but finitely many primes the projective image of ρ f, is PSL 2 (F r ) or PGL 2 (F r ) for a certain exponent r, provided that some good conditions hold (no complex multiplication and no non-trivial inner twists). This result is similar to Serre's result about the image of the Galois representations attached to the -torsion points of elliptic curves. But recall that this was not enough for us, and we had to resort to a theorem of Mazur, which allowed us to replace the condition "for all but finitely many primes " by "for all primes ≥ 11", provided we also required the elliptic curve to be semistable.
A result of this kind is not available in this context. Therefore we will put to use such means as we have. A result of L. Dieulefait and N. Vila (see [10] ) provides us with an algorithm which takes as input a modular form f and produces a finite set of primes S such that the representation has large image at all primes outside this set. In this way, they manage to realize the groups PSL 2 (F 2 ), PGL 2 (F 3 ), PSL 2 (F 4 ) for many primes .
Their method relies on some results of Ribet (see [29] ). More precisely, they make use of the following theorem (cf. § 3 of [29] ). (4) For each λ| , the image of the composition of ρ f,λ with the reduction modulo λ is an irreducible subgroup of GL 2 (F λ ) whose order is divisible by .
The algorithm of Dieulefait and Vila consists of several steps, which are designed to guarantee that some of the conditions above hold. As a general remark, we can say that each step consists of finding an auxiliary prime p, satisfying perhaps some conditions regarding the level N and the prime , and such that the coefficient a p enjoys some suitable property involving λ. If the image of the representation ρ f,λ is large, such a prime p will exist. A complete description of the algorithm can be found in section 2.2 of [10] .
Our wish is to combine this algorithm with the tameness results presented above in order to obtain tame Galois realizations of linear groups of the form PSL 2 (F r ) or PGL 2 (F r ). Unfortunately, we have not been able to obtain a procedure that, given a prime number , constructs a suitable modular form yielding a tame Galois realization of the corresponding group. This problem remains a challenging issue for further investigation. Nevertheless, the results we have explained allow us to present a few concrete examples.
In [10] , section 3.1, the authors apply their algorithm to some weight 2 newforms whose field of coefficients is a quadratic extension of Q. More precisely, they consider newforms of level 23, 29, 410, 414, 496, 418, 546. For each newform, they provide a finite set of primes such that the Galois representation attached to it has large image (in the sense of Theorem 3.1) whenever does not belong to this set. We present their results in the following table: 
Our purpose is to take advantage of their computations and try to produce tamely ramified Galois realizations of groups of the form PSL 2 (F 2 ) from the modular forms f 1 , . . . , f 8 presented above. First of all, note that the numbers 23, 29, 410, 418, 546 are squarefree. Therefore, we know that the Galois representations ρ f, corresponding to the modular forms f = f 1 , f 2 , f 3 , f 4 , f 7 , f 8 can be wildly ramified only at the prime . In order to ensure that they are also tamely ramified at , we will make use of Corollary 3.6.
We have taken each of the modular forms f 1 , f 2 , f 3 , f 4 , f 7 , f 8 and have looked at their coefficients a , for all primes < 5000. Since we are looking for Galois realizations of groups of the form PSL 2 (F 2 ), we are only interested in the primes which are inert in the extension Q f i /Q. For each modular form f i we can find the coefficient field Q f i in the table above.
For each i = 1, 2, 3, 4, 7 and 8, we list below the primes ≤ 5000 such that is inert in the extension Q f i /Q and a ∈ ( ):
As a consequence of Proposition 3.3, Corollary 3.6 and Tables 1 and 2 , we obtain the following result.
Proposition 3.8. The following groups occur as Galois groups of a tamely ramified extension of Q:
Remark 3.9. We are developing these techniques in order to obtain tamely ramified extensions of an infinite set of groups in the family PSL 2 (F 2 ). 
Abelian varieties
Let A/Q be an abelian variety of dimension n, and let be a prime number. As in the case of elliptic curves, there is an action of the absolute Galois group G Q upon the group A[ ] of -torsion points of A. This action gives rise to a continuous Galois representation
Let us assume that A is principally polarized. One first variation with respect to the case of dimension 1 is that, if n > 1, then ρ cannot be surjective. This is due to the existence of the Weil pairing, which is a non-degenerate, Galois compatible symplectic form. This compels the image of ρ to be contained in the general symplectic group GSp 2n (F ). As a matter of fact, if the endomorphism ring of the abelian variety is equal to Z and the dimension n is either odd or equal to 2 or 6, then Imρ GSp 2n (F ) for all but finitely many primes (see [34] , Theorem 3 of 137). Therefore, one can try to obtain tame realizations of this general symplectic group as the Galois group of the extension Q(A[ ])/Q, obtained by adjoining to Q the coordinates of the points of A[ ]. This problem has been addressed by the authors in [3] and [4] (cf. [2] ). Concerning the ramification, let us note that since the wild inertia group at a prime p is a pro-pgroup, the only primes we need to take care of are the primes dividing the order of GSp 2n (F ), that is to say, a finite quantity of primes. If p = is a prime number where A has semistable reduction, then it follows from a result of Grothendieck (see [15] , Proposition 3.5 of Exposé IX, Modeles de Néron et monodromie) that the wild inertia group at p acts trivially on A[ ]. On the other hand, the control of the action of the wild inertia group at the prime is more subtle. In [4] , a condition upon the formal group law of A is found that, combined with supersingularity, allows one to control the wild ramification at (see Theorem 3.4 in [3] , cf. Theorem 4.9 in [2] ).
Theorem 4.1. Let be a prime number, and let A/Q be an abelian variety of dimension n with good supersingular reduction at . Call F the formal group law attached to A at , v the -adic valuation on Q and V the group of -torsion points attached to F. Assume that there exists a positive α ∈ Q such that, for all non-zero (x 1 , . . . , x n ) ∈ V , it holds that min{v (
Then the image of the wild inertia group by the Galois representation attached to the -torsion points of A is trivial.
If we restrict ourselves to the case of dimension n = 2, then we can provide very explicit conditions that ensure that the wild inertia group (at the prime as well as at all other primes p = ) acts trivially upon the -torsion points of the Jacobian of a genus 2 curve (see Theorem 2.7 in [4] , cf. Theorem 9.2 in [2] ). Theorem 4.2. Let C be a genus 2 curve defined by a hyperelliptic equation
where
is a polynomial of degree 6 without multiple factors. Let > 2 be a prime number, and let P be the set of prime numbers that divide the order of GSp 4 (F ). Assume that the following conditions hold:
• For all p ∈ P different from , C has stable reduction at p.
• The reduction of f (x) modulo is of the form x 6 + bx 4 + bx 2 + 1, and the elliptic curve E defined over F by y 2 = x 3 + bx 2 + bx + 1 is supersingular.
Then the Galois extension Q(A[ ])/Q is tamely ramified.
Several tools are involved in the proof of this theorem. First of all, the multiplication by -map in the formal group law attached to the Jacobians of curves defined by an equation (3) satisfying the hypothesis of Theorem 4.2 has a very special shape, namely, it is essentially defined by one single equation. The proof of this fact is based upon the explicit computation of the formal group law attached to the Jacobian of a genus 2 curve carried out by V. Flynn in [14] (cf. [9] ). This property of the multiplication by map allows one to compute the value of min{v (x i ) : (x 1 , x 2 ) ∈ V }, which in turn allows us to apply Theorem 4.1. Note that one needs a genus 2 curve with good supersingular reduction at of a particular shape, which is constructed as a very specific bielliptic curve.
It turns out that the curves in the family given in Theorem 4.2 have reducible Jacobians. We need to "deform" them a bit in order to sort out this difficulty. This requires a careful analysis of the proximity (with respect to the -adic valuation) of the solutions of two systems of equations in formal power series that are near coefficientwise.
In the case of Jacobians of genus 2 curves, one can give explicit results to control the image of the Galois representation ρ . More specifically, we can make use of the following result (Theorem 3.7 of [4] , cf. Theorem 11.9 of [2] ): Theorem 4.3. Let G be a subgroup of Sp 4 (F ), and assume that G contains a transvection. Furthermore, assume that it contains two elements whose characteristic polynomials, P i (X) = X 4 + a i X 3 + b i X 2 + a i X + 1 (i = 1, 2), satisfy the following: denoting by α i , 1/α i , β i , 1/β i the four roots of P i (X),
• α 1 + 1/α 1 , β 1 + 1/β 1 ∈ F and α 1 + 1/α 1 + β 1 + 1/β 1 = 0.
• α 2 + 1/α 2 , β 2 + 1/β 2 ∈ F , a 2 2 − 4b 2 + 8 = 0 and α 2 ∈ F .
Then G equals Sp 4 (F ).
We can combine the conditions on the ramification of ρ and the conditions on the image in order to obtain tame Galois realizations of GSp 4 (F ). The task of constructing genus 2 curves satisfying all the conditions still remains. Actually, as in the case of elliptic curves, one can replace each of the conditions by a congruence modulo a certain power of a prime. That is to say, it is possible to write a statement asserting that, if ≥ 5 is a prime number and f 0 , f 1 , . . . , f 6 ∈ Z satisfy certain congruences, then the Jacobian of the genus 2 curve defined by y 2 = f 6 x 6 + f 5 x 5 + f 4 x 4 + f 3 x 3 + f 2 x 2 + f 1 x + f 0 provides a tame Galois realization of GSp 4 (F ). One such statement is Theorem 5.1 of [4] (cf. Theorem 12.25 of [2] ), which we have not included here because of its cumbersome length. In order to obtain this theorem, one needs to exploit certain tools. For instance, one needs some results of Q. Liu relating the type of reduction of a genus 2 curve and its Igusa invariants in order to construct a transvection inside the image of ρ . The reader can find the details in [4] .
To sum up, the result we obtain is the following:
Theorem 4.4. Let ≥ 5 be a prime number. There exist infinitely many genus 2 curves C such that the Galois representation attached to the -torsion points of J(C) provides a tame Galois realization of GSp 4 (F ).
